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Abstract 

We show that QM can be represented as a natural projection of 
a classical statistical model on the phase space £1 = H x H, where 
H is the real Hilbert space. Statistical states are given by Gaussian 
measures on Q having zero mean value and dispersion of the Planck 
magnitude - fluctuations of the "vacuum field." Physical variables 
(e.g., energy) are given by maps / : £1 — > R (functions of classical 
fields). The crucial point is that statistical states and variables are 
symplectically invariant. The conventional quantum representation of 
our prequantum classical statistical model is constructed on the basis 
of the Teylor expansion (up to the terms of the second order at the 
vacuum field point u = 0) of variables / : — ► R with respect to the 
small parameter k = yh. A Gaussian symplectically invariant measure 
(statistical state) is represented by its covariation operator (von Neu- 
mann statistical operator). A symplectically invariant smooth function 
(variable) is represented by its second derivative at the vacuum field 
point uj = 0. From the statistical viewpoint QM is a statistical approx- 
imation of the prequantum classical statistical field theory (PCSFT). 
Such an approximation is obtained through neglecting by statistical 
fluctuations of the magnitude o(h), h — » 0, in averages of physical vari- 
ables. Equations of Schrodinger, Heisenberg and von Neumann are 



images of dynamics on with a symplectically invariant Hamilton 
function. 



1 Introduction 



In the first part of this paper [1] we demonstrated that, in spite of 
all "NO-GO" theorems, it is possible to construct a prequantum clas- 
sical statistical model. The phase space of this model is the infinite 
dimensional Hilbert space ; so classical "systems" are in fact classi- 
cal fields. We call this approach the prequantum classical statistical 
field theory (PCSFT). There was constructed a natural map T estab- 
lishing the correspondence between classical and quantum statistical 
models. The cornerstone of our approach is that the correspondence 
map T should approximately preserve averages (up to fluctuations of 
the magnitude o(h), h — > 0) : 



where p and / are, respectively, classical statistical states and vari- 
ables. In particular, for the space of physical variables V quax i consisting 
of quadratic forms on the Hilbert space, we have the precise equality 
of classical and quantum averages: 



and the correspondence between classical variables and quantum ob- 
servables is one-to-one. For the space of analytic physical variables, 
we have only asymptotic equality Q and the correspondence between 
classical variables and quantum observables is not one-to-one. A huge 
class of classical variables is mapped into the same quantum observ- 
able. In [1] there was chosen the space of statistical states Sq consisting 
of Gaussian measures (with zero mean value) having dispersion equal 
to the Planck constant: 



Quantum states (pure as well as mixed) are images of Gaussian fluc- 
tuations of the magnitude h on the infinite dimensional space. 

In [1] we considered the quantum model based on the real Hilbert 
space H. This model is essentially simpler than the complex quantum 



< / > p =< T(f) > T{p) +o(h) 



(1) 



< / > p =< T(f) > T{p) 



(2) 
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mechanics, because clarification of introduction of the complex struc- 
ture on the phase space is a very complicated problem. We analyse 
this problem in this article. We shall show that the complex structure 
is nothing else than the image of the symplectic structure on the in- 
finite dimensional phase space. By using symplectic structure we find 
classes of classical physical variables and statistical states. Here we 
should apply dynamical arguments. We found the classical Hamilto- 
nian dynamics on the phase space which induces the quantum state 
dynamics (Schrodinger's equation). The crucial point is that the clas- 
sical Hamilton function TC(co) should be symplectically invariant: 

H(Juj) = H(u), (3) 

where w G fi = Q x P, Q = P = H, and J: QxP^QxP is the 
symplectic operator. At the beginning we restrict our considerations 
to quadratic physical variables. The space of classical observables is 
chosen consisting of symplectically invariant quadratic forms. In such a 
model the correspondence T between classical variables and quantum 
observables is one-to-one. 

There is another motivation to consider classical dynamics with 
symplectically invariant Hamilton functions, namely only such dynam- 
ics preserves the magnitude of classical random fluctuations: disper- 
sion of a Gaussian measure. The space of classical statistical states is 
chosen consisting of symplectically invariant Gaussian measures having 
dispersion of the magnitude h (and zero mean value). 

We pay attention that any point wise classical dynamics (in partic- 
ular, Hamiltonian) can be lifted to spaces of variables (functions) and 
statistical states (probability measures). In the case of symplectically 
invariant Hamilton function by mapping these liftings to the quan- 
tum statistical model we obtain, respectively, Heisenberg's dynamics 
for quantum observables and von Neumann's dynamics for statistical 
operators. 

We emphasize that one could not identify classical point wise state 
dynamics and dynamics of statistical states. In the conventional quan- 
tum mechanics these dynamics are typically identified. Our approach 
supports the original views of E. Schrodinger. His equation describes 
the evolution of classical states (fields). It is impossible to provide any 
statistical interpretation to such states. In particular, wave function 
considered as a field satisfying Schrodinger's equation has no statis- 
tical interpretation. Only statistical states (probability measures in 
the classical model) and corresponding density operators (which are 



3 



in fact covariation operators of measures) have a statistical interpre- 
tation. The root of misunderstanding was assigning (by M. Born) the 
statistical interpretation to a normalized wave function. The tricky 
thing is that in fact Born's interpretation should be assigned not to 
an individual state ip, but to a statistical state corresponding to the 
Gaussian distribution with the covariation operator: 

B i , = hip(g> tp. (4) 

Thus pure quantum states are simply statistical mixtures of special 
Gaussian fluctuations (concentrated on two dimensional (real) sub- 
spaces of the infinite dimensional Hilbert space), see section 9 for 
details. Of course, one could reproduce dynamics of such a statisti- 
cal state by considering the Schrodinger equation with random initial 
conditions: 

ih^(t;u) =H£(t;wU(*o;a;) = (5) 

where H is Hamiltonian and £o( w ) is the initial Gaussian random vec- 
tor taking values in the Hilbert space. We emphasize that ||£(i;u;)|| G 
[0,+oo). 



2 Symplectically invariant classical me- 
chanics 

2.1. Dynamics induced by a quadratic Hamilton function. We 

consider the conventional classical phase space: 

n = QxP,Q = P = H a 

Here states are represented by points to = {q,p} £ fJ; evolution of a 
state is described by the Hamiltonian equations 

. an . &n 

where 1~i{q-,p) is the Hamilton function (a real valued function on the 
phase space Q). We consider the scalar product on R n : (x,y) = 
YTj=\ x jVj an d define the scalar product on Vt : (cji,^) = (<7i><?2) + 
(p\,P2)- In our reseach we shall be interested in a quadratic Hamilton 
function: 

n(q,p) = ^(nco 1 co), (7) 
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where H : f2 — > ft is a symmetric operator. We remark that any 
(R-linear) operator A : R 2n — ► R 2n can be represented in the form 

A= (A tl A 12 
V -421 A 22 

where A n : Q -» Q,A 12 : P -» Q, A 2 i : Q -> Q, A 22 : P -» P. A 
linear operator A : R 2n — ► R 2n is symmetric if 

An = An, A* 22 = A22 , A* 12 = ^21 , A 2 i = A12. 
Thus the Hamilton function Q can be written as: 

H(q,p) = i[(H n g, 9 ) + 2(Hi 2 p, 9 ) + (H 22 p,p)], (8) 
The Hamiltonian equation has the form: 

g = H 2 ig + H 22 p, p = -(Hu9 + Hi2p) (9) 

As always, we define the symplectic structure on the phase space start- 
ing with the symplectic operator 

J-( ° 1 
J ~ V -1 

(here the blocks "±1" denote nxn matrices with ±1 on the diagonal). 
By using the symplectic operator J we can write these Hamiltonian 
equations in the operator form: 

u = ( q . \ = JHu, (10) 



or 



From (jinj) we get 



-Jlj = Uuj (11) 



u(t) = Utfj, where U t = e jm . (12) 



The map UtuJ is a linear Hamiltonian flow on the phase space Q. 

2.2. Symplectically invariant quadratic forms and 
s-commuting operators. In our investigations we shall be concen- 
trated on consideration of symplectically invariant quadratic forms. 
It is easy to see that symplectic invariance of the quadratic form 
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= (Au),u), where A : f2 — ► Q is the linear symmetric oper- 
ator, is equivalent to commuting of A with the symplectic operator 
J. 

Let us consider the class £ symp = £ symp (f2) of (all) linear operators 
A : — > f2 which commute with the symplectic operator: 

AJ = J A (13) 

This is a subalgebra of the algebra of all linear operators £ symp (f2). 

Proposition 2.1. A £ £ symp iff An = A22 = D,Au = -A21 = 
S, i.e., 

D S 
-S D 



A 



We remark that an operator A £ £ symp is symmetric iff D* = D 
and S* = —S. Hence any symmetric s-commuting operator in the 
phase space is determined by a pair of operators (D,S), where D is 
symmetric and S is anti-symmetric. Such an operator induces the 
quadratic form 

f A (u) = (Auj,uj) = (Dq,q) + 2(Sp,q) + (Dp,p). (14) 

2.3. Dynamics for symplectically invariant quadratic Hamil- 
ton functions. Let us consider an operator H G J~- symp : 



H 



R T 
-T R 



This operator defines the quadratic Hamiltonian function TC(q,p) = 
^(Hw,w) which can be written as 

n(q,p) = l -[(Rp,p)+2{T Pl q) + (Rq,q)} (15) 

where R* = R, T* = —T Corresponding Hamiltonian equations have 
the form 

q = Rp-Tq, p = -(Rq + Tp) (16) 

Proposition 2.2. For a symplectically invariant Hamilton func- 
tion, the Hamiltonian flow Ut, see is s-commuting. 

Example 2.1. (One dimensional harmonic oscillator) Let TC(q,p) = 
o[m + mk 2 q 2 ] (we use the symbol k to denote frequency, since uj is 
already used for the point of the phase space). To get a Hamiltonian 
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of the form (|T5|) . we consider the case ^ = mk 2 . Thus m = ^ and 
7~L{liP) = |[p 2 + ^ 2 ]; Hamiltonian equations are given by q = kp, p = 

— kq Here the symmetric s-commuting matrix 

H =(.*2) 

2.4. Symplectic form. Let us define the symplectic form on the 
phase space: w(u)\,u)2) = (^i, JW2) Thus 

w(wi,u;2) = (P2,gi) - (Pi,g2) 

for = = 1,2. This is a skew- symmetric bilinear form. 

Proposition 2.3. Let A be a symmetric operator. Then A £ 
jC symp (f2) iff it is symmeric with respect to the symplectic form: 

w(AsjJ\,U2) = w(u)i,Auj2) (17) 

2.5. Complex representation of dynamics for symplecti- 
cally invariant Hamilton functions. Let us introduce on phase 
space Q the complex structure: $7 = Q © iP We have iu = —p + iq = 

— Jijj. A R- linear operator A : f2 — ► $7 is C-linear iff A(io;) = iAu; that 
is equivalent to A 6 £ S ymp- 

Proposition 2.4. The class of C-linear operators C{C n ) coincides 
with the class of s- commuting operators £ symp (R 2n ). 

We introduce on £2 a complex scalar product based on the C- 
extension of the real scalar product: 

<ui,U2 >=< qi + ipi,<?2 + iP2 > 

= (<?1,<?2) + (PX,P2) +*((Pl,92) - (P2,9l))- 

Thus < U)\,U)2 >= {u}\,U}2) — iw{u)\,u)2)- 

A C-linear operator A is symmetric with respect to the complex 
scalar product < . . . > iff it is symmetric with respect to both real 
bilinear forms: (•, •) and w(-, •). Since for A G £ sy mp the former im- 
plies the latter, we get that a C-linear operator is symmetric iff it is 
symmetric in the real space. 

Proposition 2.5. The class of C-linear symmetric operators C s (C n ) 
coincides with the class of s- commuting symmetric operators £ symP)S (R 2n ). 

We also remark that for a s-commuting operator A its real and com- 
plex adjoint operators, A* and A*, coincide. We showed that C-linear 
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symmetric operators appear naturally as complex representations of 
s-commuting symmetric operators. 

Proposition 2.6. For a quadratic symplectically invariant Hamil- 
ton function the complexification does not change dynamics. 

To prove this, we remark that w(Hw, u>) = and hence 

11 1 

7i(u>) = — < Hlu,uj >= -[(Hw,w) — iw(Hw,w)] = -[Huj,oj),lo G f2. 

I consider complexification as merely using of new language: instead of 
symplectic invariance, we speak about C-linearity. By Proposition 2.6 
the Hamilton function lfT5|l can be written 7i(u>) = \ < Hlu,uj >,H £ 
C s (C n ), and the correspoding Hamiltonian equations can be written 
in the complex form as: 

^ = (18) 
dt K ' 

Any solution has the following complex representation: 

uj(t) = U t u, U t = e~ im . (19) 

This is the complex representation of flows corresponding to quadratic 
symplectically invariant Hamilton functions. 



3 Schrodinger dynamics as a dynamics 
with symplectically invariant Hamilton func- 
tion on the infinite dimensional phase space 

Let = H c be a complex Hilbert space (infinite dimensional and 
separable) and let < •, • > be the complex scalar product on O. The 
symbol C s = C S (H C ) denotes the space of continuous C-linear self- 
adjoint operators. The Schrodinger dynamics in Q is given by 

ih— = Uuj (20) 

and hence 

u(t) = U t u, U t = e - mt/h . (21) 

We see that these are simply infinite-dimensional versions of equations 
lfTH)l and (flU)) obtained from the Hamiltonian equations for quadratic 
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symplectically invariant Hamilton function in the process of complex- 
ification of classical mechanics. Therefore we can reverse our previous 
considerations (with the only remark that now the phase space is infi- 
nite dimensional) and represent the Schrodinger dynamics (12 Oil in the 
complex Hilbert space as the Hamiltonian dynamics in the infinite- 
dimensional phase space 1 . We emphasize that this Hamiltonian dy- 
namics (|TT1l is a dynamics in the phase space f2 and not in the unit 
sphere of this Hilbert space! The Hamiltonian flow ip(t, lu) = Utto is a 
flow on the whole phase space fL 

We consider in Q the R-linear operator J corresponding to multi- 
plication by — i; we represent the complex Hilbert space in the form: 

n = QeiP, 

where Q and P are real Hilbert spaces: Q = P = H. As in the finite 
dimensional case, we have: 

Proposition 3.1. The class of continuous C-linear self-adjoint 
operators C S (H C ) coincides with the class of continuous s- commuting 
self-adjoint operators £ symPiS (i? x H). 

Let us consider a quantum Hamiltonian H G C s . 2 It is the image 
of the classical Hamiltonian function. At the moment we operate only 
with quadratic physical classical variables. To find the quadratic form 
H(u) corresponding to H, we should inverse the quantization map, see 
[] and section 8: 

H(cj) = i-<Hi^>=i- [{Rp, p) + 2(Tp, q) + {Rq, q)) 

The corresponding Hamiltonian equation on the classical phase space 
H = Q x P, where Q and P are copies of the real Hilbert space is given 
by 

hq = Rp — Tq, hp = —(Rq + Tp) (22) 

If we apply the complexification procedure to this system of Hamilto- 
nian equations we, of course, obtain the Schrodinger equation l(20)) . 

One may justify consideration of symplectically invariant physical 
variables on the Hilbert phase space by referring to quantum mechan- 
ics: "the correct classical Hamiltonian dynamics is based on symplec- 
tically invariant Hamilton functions, because they induce the correct 

1 Infinite dimension induces merely mathematical difficulties. The physical interpreta- 
tion of formalism is the same as in the finite-dimensional case. 

2 We may consider operator H > 0, but for the present consideration this is not impor- 
tant. 
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quantum dynamics." So the classical prequantum dynamics was re- 
constructed on the basis of the quantum dynamics. I have nothing 
against such an approach. But it would be interesting to find internal 
classical motivation for considering symplectically invariant Hamilton 
functions. We shall do this in section 5. 



4 Lifting of point wise dynamics to spaces 
of variables and measures 

4.1. General dynamical framework. Let (X, F) be an arbitrary 
measurable space. So X is a set and F is a cr-field of its subsets. 
Denote the space of random variables (measurable maps / : X — ► R) 
by the symbol RV(X) and the space of probability measures on (X, F) 
by the symbol PM(X). Consider a measurable map g : X — ► X. It 
induces maps 

a g : RV(X) -» RV(X),a g f(x) = f(g(x)) 

(3 g : MP(X) - MP(X), [ f(x)df3 gf i(x) = [ a g f(x)d f i{x). 

J X Jx 

Now consider a dynamical system in X : 

xt = 9t(x), (23) 

where gt : X — ► X is an one-parametric family of maps (the parameter 
t is real and plays the role of time) . By using lifting a and (3 we can lift 
this point wise dynamics in X to dynamics in RV(X) and MP(X), 
respectively: 

ft = a gt f (24) 



fit = 0gtfi. (25) 

We shall see in sections 6,7 that for X = (infinite dimensional 
phase space) quantum images of dynamical systems (|23|) . (J2H, p5|l 
are respectively dynamics of Schrodinger (for state - wave function), 
Heisenberg (for operators-observables) and von Neumann (for density 
operator). To obtain quantum mechanics, we should choose adequate 
spaces of physical variables and measures. 

4.2. Lifting of the Hamiltonian dynamics. It is well known 
that the lifting of Hamiltonian dynamics to the space of smooth vari- 
ables is given by the Liouville equation, see e.g. [2]. In particular, the 
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functional lifting of any Hamiltonian dynamics on the Hilbert phase 
space O can be represented through the infinite- dimensional Liouville 
equation, [3]. We remark that this is a general fact which has no rela- 
tion to our special classical framework based on symplectically invari- 
ant Hamilton functions. For smooth functions on the we introduce 
the Poisson brackets, see, e.g., [4]: 




We recall that for / : H — > R its first derivative can be repre- 
sented by a vector belonging to H; so for / : H x H — > R its gra- 
dient V/(cj) belongs to H x H. We pay attention that {/i,/2} == 
(V/i, JV/2) = w(Vfi, V/2). Let Ti(cj) be a smooth Hamilton func- 
tion inducing the flow ip(t, u) = Ut(u>). For a smooth function /o we set 
f(t,uj) = fo(i/j(t,Lo)). It is easy to see that this function is the solution 
of the Cauchy problem for the Liouville equation: 

^(t,u) = {f(t,u>),H(u>)h /(0,w) = /oH (26) 
The functional flow /o) = ctu t fo can be represented as 

fo) = e~ tL fo, (27) 

where 




5 Dispersion preserving dynamics of sta- 
tistical states 

Let us consider an arbitrary quadratic Hamiltonian function TL{oj) = 
i(Ha>, a>) on the Hilbert phase O (the operator H need not be s- 
commuting) . Let us consider the Hamiltonian flow Ut ■ ^ — > induced 
by the Hamiltonian system ijlTTjl . This map is given by lfT^|l . It is 
important to pay attention that the map Ut is invertible; in particular, 

U t (Q) = n. (28) 

We are interested in a Hamiltonian flow Ut such that the corresponding 
dynamics in the space of probabilities (|25|) preserves magnitude of 
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statistical fluctuations: 

a 2 03 Ut ii) = a 2 in): [ \\u\\ 2 d/3 Utf i(u) = [ \\u\\ 2 d^u) (29) 
Jn Jn 

or 

/ \\U t uj\\ 2 dfi(uj) = [ \\uj\\ 2 dn(uj). (30) 
Jn Jn 

Sufficient condition for preserving the magnitude of statistical fluctu- 
ations is preserving the magnitude of individual fluctuations, i.e., the 
norm preserving: 

\\U t u\\ 2 = \\uj\\ 2 ,lo e n. (31) 

Proposition 5.1. The Hamiltonian flow corresponding to a quadratic 
Hamilton function TC(lo) is norm preserving iff the function TL is sym- 
plectically invariant. 

Proof, a). Let H be s-commuting. Then we have: 

^-\\U t u;\\ 2 = 2{U t uj,U t uj) = 2(JUU t u,U t u;) = 
at 

Here we used the simple fact that the operator JH is skew symmetric: 
(JH)* = -HJ = — JH. Thus dHU) holds. 

b). Let (EU hold. Then f t \\U t oj\\ 2 = 0. By using previous compu- 
tations and we get that the operator JH is skew symmetric. This 
implies that H commutes with J. 

In particular, only the Hamiltonian flow corresponding to a sym- 
plectically invariant Hamilton function preserves the fluctuations of the 
Planck magnitude. This is our explanation of the exceptional role of 
symplectically invariant physical variables on the infinite-dimensional 
classical phase space. 

If a Hamilton function is not symplectically invariant then the cor- 
responding Hamiltonian flow can induce increasing of the magnitude 
of fluctuations. But we recall that quantum model is a representa- 
tion based on neglecting by fluctuations of the magnitude o(h), h — ► 0. 
Therefore a Hamiltonian flow which is not symplectically invariant can 
induce the transformation of "quantum statistical states", i.e., distri- 
butions on the phase space having dispersion of the magnitude h, into 
"nonquantum statistical states", i.e. distributions on the phase space 
having dispersions essentially larger than h. 
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6 Dynamics in the space of quadratic 
symplectically invariant physical variables 

6.1. Lifting of Hamiltonian dynamics to the space of quadratic 
variables. Let us consider the Hamiltonian flow U t : ^ — > f2 in- 
duced by an arbitrary quadratic Hamilton function. Let A : — > 
be a continuous self-adjoint operator and Ja = (Au,u). We have 
&u t fA{w) = fA{Utu>) = fu*AU t { (ji! )- This dynamics can be represented 
as the dynamics in the space of continuous linear symmetric operators 

A t = UtAUt (32) 
We remark that Ut = e JH */ h , so 

U* = e -HJt/h_ Thug 

A t = e -KJt/h Ae Jnt/h_ ^ 
Thus ^ = \ [A t JH - UJAt) , or 

d f = l[A t ,HJ ]+ 1 -A t[ J,H ] (34) 

We remark that dynamics (|3*2*|) can be also obtained from the Liouville 
equation, but I presented the direct derivation. 

6.2. Lifting for symplectically invariant variables. We con- 
sider the space of physical variables 

V r quad,symp(^) = {/ = ^ ~> R ■ f = /aM = -(Au),u),A G £ symp , s (0)} 

(consisting of symplectically invariant quadratic forms). Let us con- 
sider the lifting of the flow corresponding to a symplectically invariant 
quadratic Hamilton function to the space V^ ua d iS ymp(^)- In this case 
both operators, H and A are s-commuting. Therefore the flow (|3*3*]l 
can be written as 

A t = UtAUt = e - jm / h Ae JHt/h (35) 
The evolution equation l(3*i^l is simplified: 

6.3. Complexification. By considering on the phase space the 
complex structure and representing the symplectic operator J by —i 
we write l(3*3*|l in the form of the Heisenberg dynamics: 

A t = U* t AU t = e im / h Ae- itH/h (37) 
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(here U£ is the complex adjoint operator to Ut) and the evolution 
equation (PH) in the form of the Heisenberg equation: 

d 4 = >^ < 38 > 

Thus this equation is just the image of the lifting of the classical 
quadratic Hamiltonian dynamics in the case of symplectically invariant 
variables. 



7 Dynamics in the space of Gaussian 
distributions 

7.1. Lifting of Hamiltonian dynamics to the space of Gaussian 
measures. Let us consider a Hamiltonian flow Ut ■ — > ft induced 
by an arbitrary quadratic Hamilton function. Let p be an arbitrary 
Gaussian measure with zero mean value. Since a linear continuous 
transformation of a Gaussian measure is again a Gaussian measure, 
we have that 0u t (p) is Gaussian. We find dynamics of the covariation 
operator of (3(j t (p). We have: 

(cov(/3 Ut p)yi,y 2 ) = / (yi, u)(y 2 , u)d/3u t p(u) 
Jq 

= / (yi,U t u)(y 2 ,U t uj)d P (uj) = (cov(/9)Utyi, U£y 2 ). 

Thus, for the covariation operator B t = cov(/?u t p), we have: 

B t = U t BU* = e J™/h Be -njt/h ( 39 ) 

Thus ^ = i ( JKB t - BtHJ) , or 

dBt 1 r 1 . 

-J.^- m .B,\ + T B,{JM (40) 

7.2. Lifting for symplectically invariant measures. We now 

consider the lifting of the flow induced by symplectically invariant 
quadratic Hamilton function. We start with the following mathemat- 
ical result: 

Proposition 7.1. A Gaussian measure (with zero mean value) 
is symplectically invariant if its covariation operator is symplectically 
invariant. 



14 



Proof, a). Let p be a Gaussian measure with zero mean value 
and B = cov(p). Let [3jp = p. It is sufficient to prove that BJ is skew 
symmetric. We have: 



(BJy 1 ,y 2 ) == / (Jyi,uj)(y 2 ,uj)dp(uj) = - / (y 1 , Ju)(y 2 , J* Juj)dp(cv) 
Jn Jn 



(y 1 ,Juj)(Jy 2 ,Juj)dp(uj) = - / (yx,u)(Jy 2 ,uj)dl3jp(u) 
n Jn 

= - (Jy 2 ,uj)(y 1 ,uj)dp(uj) = -(BJy 2 ,y 1 ). 
Jn 

b). Let B = cov(p) £ £ symPjS (^). We find the Fourier transform of the 
Gaussian measure (5 jp : 

KTp(y) = f ^' Ju) dp(u) == p(J* y ) = e -h(*J*y^y) == ~ p { y ). 



Jn 

From the proof we also obtain: 

Corollary 7.1. Let p be an arbitrary symplectically invariant mea- 
sure. Then its covariation operator is symplectically invariant. 

Since the flow for a symplectically invariant (quadratic) Hamilton 
function is s-commuting, by using the representation (|39|) and Propo- 
sition 7.1 we prove that the space of symplectically invariant Gaussian 
measures (with zero mean value) is invariant for the map /3jj t ■ Here we 
have: 

B t = U t BUt = e JHt / h Be- JHt/h (41) 

or 

7.3. Complexification. By considering on the phase space the 
complex structure and representing the symplectic operator J by —i 
we write 1)4 111 in the form: 

B t = U t BU* = e -^t/h Be iHt/h ( 43 ) 

or 

f-ift.H] ,44, 

This is nothing else than the von Neumann equation for the statistical 
operator. The only difference is that the covariance operator B is not 
normalized. The normalization will come from the correspondence 



15 



map T projecting a prequantum classical statistical model onto QM, 
see section 8. 

7.4. Dynamics in the space of statistical states. First we 
consider the space of all Gaussian measures having zero mean value 
and dispersion 2h. Denote it by the symbol Sq(Q). These are Gaussian 
measures such that 

(y,m p )= / (y, u)dp(u) = 0, y G and a 2 {p) = \ \\u)\\ 2 dp{uj) = 2h 
Jn Jn 

Remark 7.1 We choose fluctuations having dispersion a 2 (p) = 2h 
to obtain "pure states" corresponding to fluctuations with covariation 
matrices (which are of the size 2x2) having eigenvalues Ai = A2 = h. 
So in that case a 2 (p) = 2h = Tr B = h + h, see section 9 for more 
details. 

For the flow Ut corresponding to a symplectically invariant quadratic 
Hamilton function, we have (see section 5) f3 Ut : S^(Q) -> S G (fi) 
Denote the subspace of Sq(Q) consisting of symplectically invariant 
measures by the symbol Sq symp (^)- We also have: 

7.5. Complex covariation. Everywhere below we consider only 
measures with finite dispersions. Let us introduce complex average and 
covariance operator, m c p and B c = cov c p, by setting: 

<m c p ,y>= <y,u > dp(u). (45) 
Jn 

<B c y!,y 2 >= <yi,u ><uj,y 2 > dp(u). (46) 
Jn 

Proposition 7.2. Let p be a symplectically invariant measure. 
Then 

m c p = iff m p = 0. (47) 

Proof. Since p is symplectically invariant, for any Borel function 
/ : — > R, we have: 

/ f(^q,UJp)dp(uJ q ,LJ p )= / f(u p ,-cj q )dp(uj q ,ujp) (48) 
Jn Jn 

Let m p = 0. Then: 

° = / (y,v)dp(u)= / [(y q ,u q ) + (y p ,uj p )]dp(uj) 
Jn Jn 
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= / [(y q ,v p ) - (y p ,u> q )]dp(uj) = / w(y,u)dp(uj). 
Jn Jn 

Hence the last integral is also equal to zero. On the other hand, for 
the complex average we have: 

< yi m c p >=0= / (y,uj)dp(uj) -i / w(y,u)dp{u). (49) 
Jn Jn 

Proposition 7.3. Let p be a symplectically invariant measure. 
Then 

cov c p = 2cov/9 (50) 

Proof, a We have 



cov 



"P(y,y)= / I < y,w > \ 2 dp{u) = / |(y,w) - iw(y,cj)| 2 dp(w) 
Jn Jn 

= [ [(y,u) 2 + (y,Ju,) 2 ]dp(cj). 
Jn 

By using symplectic invariance of the measure p we get: 

/ (y,Ju) 2 dp(u)= / (y,uj) 2 dp(uj). 
Jn Jn 



Thus 



c p(y,y) =2 (y,w) 2 dpH = 2covp(y,y). 
Jn 



Theorem 7.1. For any measure p and s-commuting operator A, 
we have: 

I (Au),u))dp{uo) = Tr cov c p A; (51) 
Jn 

in particular, 

a 2 (p) = Tr cov c p- (52) 

Proof. Let {ej} be an orthonormal basis in H c (we emphasize that 
orthogonality and normalization are with respect to the complex and 
not real scalar product). Then: 

Tr cov c p A = / < Aej,u >< u, ej > dp(w) = / < Auj,uj > dp(u) 
isiy Jn 

= / (Au, uj )dp (u) 
Jn 
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We recall that we showed in [1] that and 

a 2 {p) = Tr covp. (53) 

It seems that there is a contradiction between equalities ((SSI, ijo^ 
and l)5f))) . In fact, there is no contradiction, because in (|53|) and (|52|l 
we use two different traces: with respect to the real and complex scalar 
products, respectively. This is an important point; even normalization 
by trace one for the von Neumann density operator is the normalization 
with respect to the complex scalar product. 

We remark that the complex average m c p and the covariation oper- 
ator B c are C-linear even if a measure is not symplectically invariant. 
However, in general real and complex averages do not coincide and 
real and complex covariance operators are not coupled by 1)50)1 . 

Let us find relation between B = covp and B c = cov c p in the 
general case. It is easy to see that for 

B — n D ),B U — B n, B 22 — -#22, B 12 — B 2 i 



B 2 i B 22 

and 

or • D s 



-S D 
we have 

Proposition 7.4. The blocks in real and complex covariation op- 
erators are connected by the following equalities: 

D = B n +B 22 ,S = B 12 - B 21 . (54) 

Thus in the general case the complex covariation operator B c does 
not determine the Gaussian measure ps uniquely. 
Let now pb be symplectically invariant. Then 



B 

Thus 



Bn B\ 2 
—B\ 2 Bu 



D = 2B n ,S = 2B 12 , (55) 

so we obtain l)BT))l and, hence, we obtain: 

Corollary 7.2. There is one-to-one correspondence between sym- 
plectically invariant Gaussian measures and complex covariation oper- 
ators.^ . 



3 These are C-linear self-adjoint positively defined operators B c : H c — > H c belonging 
to the trace class 
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8 Prequantum classical statistical model 



8.1. Quadratic variables. We consider the classical statistical 
model 

Mquad = (S , G iSymp (n), Kjuad.symp 

where Q = Q x P and Q = P = H, and the conventional (Dirac-von 
Neumann) quantum statistical model N rmquant = (D(H C ), C S (H C )), 
where V(H C ) is the space of density operators and £ S (H C ) is the space 
of bounded self-adjoint operators in H c (quantum observables). 4 

The classical — > quantum correspondence map T is similar to the 
map presented in [1] for the real case: 

T:S h G<symp (n)^V(H c ), T{p) = ^P (56) 



T ■ ^quadjSymp (n)^C s (H c ), T(f) = hf"(0) (57) 

Theorem 8.1. (On properties of the classical — > quantum cor- 
respondence) The map T is one-to-one on the spaces Sq (Q.) and 
Kjuad,symp(^); the map T : V r qua d(^) — > C S (H C ) is R-linear and the 
fundamental equality of classical and quantum averages holds: 

<f> P = I fiu)dp{u>) = Tr T(p)T(f) = Tr cov c p f"(0). (58) 
Jn 

This equality is the consequence of Theorem 7.1. 

8.2. Analytic variables. As in the case of the real Hilbert 
space H, see [1], we can extend essentially the class of variables. Let 
us consider, cf. [1], the functional space V sym p(f2) consisting of real 
analytic functions, / : £1 — > R, which have the exponential growth: 

there exist C,a > : \ f(u)\ < Ce aM ; (59) 

preserve the state of vacuum: 

/(0) = (60) 

and which are symplectically invariant. 

4 To simplify considerations, we consider only quantum observables represented by 
bounded operators. To obtain the general quantum model with observables represented by 
unbounded operators, we should consider a prequantum classical statistical model based 
on the Gelfand triple: C H c C H~ . 
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The following trivial mathematical result plays the fundamental 
role in establishing classical — > quantum correspondence. 
Proposition 8.1. Let f G V symp (f2). Then 

/"(0) G £ symp , s (fi). (61) 
We consider now the classical statistical model: 

,symp 

(0),V symp (fi)). (62) 

The classical — ► quantum correspondence map T is defined by |Ho]l. 

However, the equality of averages (pjl is, of course, violated, cf. 
[1]. Let us find the average of a variable / E V symp (f2) with respect to 
a statistical state ps G ^GsympC^) • 

< / >pb= / f(u)dp B (u) = f f{Vzhuj')d PD (uj') 
Jn Jn 

= E LJ ^ / r(0W,~W)dp D (<S), (63) 

where the covariation operator of the scaling transformation po of the 
Gaussian measure P b has the form: 

D = B/2h. 

Since ps G Sq(H), we have Tr D = 1. The change of variables in (|63|l 
can be considered as rescaling of the magnitude of statistical (Gaus- 
sian) fluctuations. Fluctuations which were considered as very small, 

a 2 (p)=2h, (64) 

(where h is a small parameter) are considered in the new scale as 
standard normal fluctuations. 5 By (fTTTTf) we have: 

<f> P =h[ (/"(Oy , J)d PD {J) + o(h), h^O, (65) 
Jn 

or 

< / > p = hTr D f"(0) + o(h), h -> 0. (66) 

5 Thus QM is a kind of the statistical microscop which gives us the possibility to see 
the effect of fluctuations of the Planck magnitude (near the the vacuum field u = 0). 
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We see that the classical average (computed in the model l(62|) by using 
measure-theoretic approach) is approximately equal to the quantum 
average (computed in the model N quant = (T>(H C ),C S (H C )) with the 
aid of the von Neumann trace- formula) . 

Theorem 8.2. For the classical statistical model M ajSymp the map 
T, see $5fj\) . 157)) . performing classical — ► quantum correspondence is 
one-to-one on the space of statistical states Sg symp (0), but it has a 
huge degeneration on the space of physical variables V sy mp(^)- Classical 
and quantum averages are in general not equal, but the asymptotic 
equality U)ft}) holds. 

Remark 8.1. (Magnitude of prequantum Gaussian fluctuations) 
We considered statistical states given by (symplectically invariant) 
Gaussian measures with dispersion cr 2 (p) = 2h. From the physical 
point of view it is more natural to consider statistical states with dis- 
persions: 

a 2 {p) = 2h + o(h),h -> 0. (67) 

The only difference is that by projecting such a classical statistical 
model on the quantum model N quSint we shall not obtain one-to-one 
correspondence between classical and quantum statistical states. 
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